I prove, answering a question of Zilber, that if M is an algebraic variety, dim M > 1, and (M, . . .) is a strongly minimal structure with atomic relations definable in the Zariski language on M , then M is locally modular.
Introduction
A trichotomy principle is a statement that explains the structure of definable sets in a strongly minimal theory in terms of some interpretable algebraic structure. One considers the natural pregeometry associated to the modeltheoretic algebraic closure and one distinguishes three cases, depending on whether this pre-geometry is trivial, locally modular or not locally modular. There exists a wealth of such statements: for Zariski structures [7] , [11] , theories of differentially closed fields [6] , algebraically closed field with automorphism ACFA [1] and so on.
In 1990s Zilber has conjectured that a trichotomy principle (called Restricted Trichotomy Conjecture) holds for strongly minimal structures interpretable in ACF. This question has been recently reiterated in the paper [12] . The locally modular part of the trichotomy principle follows from the general results on strongly minimal sets ( [5] ). In not locally modular case the principle predicts that the strongly minimal structure should interpret an algebraically closed field.
In case the universe of the strongly minimal structure M is interpreted as a one-dimensional set in ACF, the not locally modular part of trichotomy principle has been established in [10] (when M is a rational curve) and in a recent paper [4] (for M a general one-dimensional set).
In case dim M > 1, it was expected that not locally modular reducts of M do not exist. In particular, that implies that M does not interpret an infinite field. In this note I prove this remaining part of the conjecture.
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Intersections and truncated arc spaces
It appears natural to consider a slightly more general statement, which is equivalent to original Zilber's question by elimination of imaginaries in ACF. Theorem 1. Let V be an algebraic variety and let M be a constructible set of dimension n in V . Assume that M is a constructible set in V , and assume that (M, . . .) is a structure with all atomic relations constructible subsets of M n . Then (M, . . .) is locally modular.
The proof proceeds by inferring a certain incidence property of a large enough family of varieties in M 2 from non-local modularity and strong minimality and then showing that large families of varieties in fact cannot have this property.
Let M be a strongly minimal structure. Let X ⊂ M 2 × T be a definable family of one-dimensional sets. Define the equivalence relation: t ∼ s iff X t ∖ X s ) ∪ (X s ∖ X t ) is finite. If ∼ is the identity equivalence relation then the family X is called faithful, if its equivalence classes are finite then X is called almost faithful. It is well-known (see for example appendix B of [11] and references therein) that in a strongly minimal structure that is not locally modular there exists a definable almost faithful family X ⊂ M 2 × T such that Morley rank of T is at least 2. Proposition 1. Let M be of dimension n, and assume (M, . . .) is strongly minimal not locally modular. Then there exists an n-dimensional open set U ⊂ M 2 such that for all P ∈ U there exists a family {X t t ∈ T } of dimension n of locally closed subvarieties of M 2 of pure dimension n and incident to P such that P is an isolated intersection point of X t and X s for any distinct t, s.
Proof. Let X ⊂ M 2 × T . Embedding M into a model k of ACF and using elimination of imaginaries for ACF we may assume that X is faithful and T is a constructible subset of k n for some n.
Let Ď M be a top-dimensional irreducible component of M and let s X be a top-dimensional irreducible component of X such that Ď X t projects densely on Ď M 2 . Let s T be the the constructible subset of T such that s
Then it follows from dimension considerations that for general enough P ∈ Ď M 2 the set {t ∈ s T P ∈ s X t } is of dimension n. By strong minimality X t ∩ X s is finite, and all the more if we restrict t and s to s T . Then the family of s X t for t ∈ s T satisfies the requirements of the proposition.
Lemma 2. There exists P ∈ M 2 such that there exists a dense open subset W of the set {t ∈ T P ∈ X t } such that P is regular on X t for t ∈ W .
Proof. By [3] EGA IV.6.12.5 a reduced scheme of finite type over a perfect field has dense open regular locus. It follows that there exists a regular dense open subset of M, and hence of M 2 . Let X sing be the set of points x ∈ X such that x is not a regular point of X z where z = p T (x) and p T ∶ X → T is the natural projection, by [3] EGA IV.9.9.4 it is a constructible subset of X. By previous paragraph (X sing ) t is of strictly smaller dimension than dim X t . Therefore, by dimension considerations, for general enough regular P ∈ M 2 the set of t for which P ∈ (X sing ) t is of strictly smaller dimension than the dimension of the set of t such that P ∈ X t . Let X be a variety over an algebraically closed field k. An n-th order truncated arc at a point x ∈ X is a homomorphism O X,x → k[ǫ] (ǫ n+1 ). The set of n-th order truncated arcs at x (denoted L n,X (X) has a natural k-vector space structure. For a survey of the geometry of arc spaces see [2] . Lemma 3. If x is a regular point of a scheme X of finite type over a field then L n,x is of dimension n ⋅ dim X.
Proof. There is a one-to-one correspondence between homomorphisms
, where m = dim X. The statement of the lemma then follows from an easy computation.
Lemma 4. Let X, Y be two subvarieties of Z that intersect in a point P ∈ Z, then L m,P (X) and L m,P (Y ) are naturally identified with subspaces of
Proof. Indeed, if the intersection in a neighbourhood of P is 0-dimensional then the Krull dimension of A = O X,P × O M 2 ,P O Y,P is 0, and A is finitedimensional over k. But if L m,P (X) ∩ L m,P (Y ) ≠ {0} for any m, then there exist homomorphisms A → k[ǫ] (ǫ m+1 ) for any sufficiently big m, a contradiction.
Lemma 5. Let W be a vector space of dimension 2n, and let {V t ⊂ W t ∈ T } be a family of vector subspaces of W parametrised by a variety T such that
Proof. Let v(t) ∈ ⋀ n V t ⊂ ⋀ n W be a non-zero n-vector that depends algebraically on t ∈ T . Then the set of pairs (t, s) ∈ T × T such that V t ∩ V n ≠ {0} is precisely the set such that v(t) ∧ v(s) = 0. But this condition cuts out precisely a codimension one subvariety in T × T . Proposition 6. Let M be a variety of dimension n. If {X t t ∈ T } is a family of varieties of dimension n incident to a point P ∈ M 2 and dim T > 1 then there exists a subvariety Z ⊂ T × T such that for all (t, s) ∈ Z, X t and X s intersect over a variety of positive dimension in a neighbourhood of P .
Proof. By Lemmas 3 and 5, for any m there is a variety Z m of codimension 1 in T × T such that the truncated arc spaces L m (X t ) and L m (X s ) intersect non-trivially for all (t, s) ∈ Z m . Notice that Z m ⊃ Z m+1 , and codimension of Z m is 1 for all m, so ∩Z m is closed non-empty. Then we conclude by Lemma 4.
The proof of Theorem 1 is the conjunction of Proposition 1, Lemma 2 and Proposition 6.
Finally, I remark that virtually the same proof as that of Theorem 1 gives a similar statement for structures interpretable in a compact complex manifold.
Theorem 2. Let M be a strongly minimal structure that is interpretable in the full Zariski structure on a compact complex manifold, with dim M > 1. Then M cannot be locally modular.
Proof. The proof of Proposition 6 and lemmas it relies on goes through almost verbatim (with the obvious modification of the notion of arc).
The proof Proposition 1 requires elimination of imaginaries which is wellknown for compact complex manifolds [9, 8] .
